
MATHEMATICAL MODELLING 2009
EXERCISES 20-22

20.
Consider the reaction network

2A
α−→ B

β−→ 2A. (1)

(a) Give the population equations for the densities of the A and B particles
assuming that A diffuses but B does not.
(b) Assuming that diffusion is slow compared to the reactions, calculate the
quasi-equilibria for A and B as a function of N := A+ 2B.
(c) Give the population equation for N at the quasi-equilibrium.
(d) Rewrite the equation for N in the form

∂tN = ∂x
(
D(N)∂xN

)
, (2)

i.e., with a density-dependent diffusion coefficient.
(e) Sketch the graph of D(N) as a function of N .
(f) Give a biological (or at least non-chemical) interpretation of (1) and (2).

21.
Consider a population in which every encounter between two individuals may
result in a conflict in which the loser is forced to leave and subsequently dis-
perses in a random, undirected way for an average of T time units before
settling down again.

(a) Model this as a system of two reaction-diffusion equations, assuming
that the duration of a conflict is negligible.
(b) Assuming that diffusion is slow compared with the reactions, calculate
the quasi-equilibria as a function of the total population density N .
(c) Give the population equation for N at the quasi-equilibrium.
(d) Rewrite the equation for N in the form

∂tN = ∂x
(
D(N)∂xN

)
, (3)

i.e., with a density-dependent diffusion coefficient.
(e) Sketch the graph of D(N) as a function of N .
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22.
Consider the equation

∂tn = µ∂2
xn− ν∂x(n∂xn) (4)

with reflecting (i.e., zero-flux) boundary conditions at x = 0 and x = L.
(a) Calculate the stability conditions for the spatially homogeneous solution.
(b) What pattern will appear first after a non-homogeneous perturbation of
the spatially homogeneous solution?
(c) Give an interpretation of (4) in terms of i-level processes.
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